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Abstract—The increasing demand for hydrocarbons and the
depletion of conventional oil fields have increased the need for
development of unconventional oil reserves, which include non-
Newtonian oil fields. That is why it is important to understand
the physical properties of non-Newtonian fluids and study their
behavior in a reservoir. The focus of this study is numerical
simulation of the flow of non-Newtonian Herschel-Bulkley fluids
in porous media under unsteady-state conditions the purpose of
which is to predict the change of pressure distribution in an oil
reservoir with time. Firstly, a modified diffusivity equation for
Herschel-Bulkley fluids is derived. Then the proposed
numerical method is validated by comparing numerical
simulation results to exact analytical solutions for simpler fluid
models. Then numerical simulation is done for complex fluid
models and the results demonstrate the impact of such non-
Newtonian parameters as power-law index and initial pressure
gradient on the pressure distribution in the reservoir. It is
concluded that the impact of power-law index is very strong,
while for the initial pressure gradient it is not significant.
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I. INTRODUCTION

Due to the continuously increasing demand for
hydrocarbons, the production of hydrocarbons has also
increased in the recent years. The continuous exploitation of
conventional oil fields has led to their depletion, and
therefore, to the decrease of production from those fields.
That is why nowadays interest in developing unconventional
oil fields is growing, as they account for approximately 70%
of total world oil reserves [1, 2]. The research of physical
properties of unconventional oil fields and development of
new methods of their extraction would be highly beneficial
since it would allow to fulfill the growing energy demand in
the future [3].

Unconventional hydrocarbon reserves include but
are not limited to non-newtonian oil fields, gas hydrates, light
tight oil, shale oil and tar sands [4]. For a long time
development of such reserves has not been common which
was due to several factors which include economic
unprofitability and presence of much more profitable
conventional oil reserves as an alternative [5, 6]. However,
new technologies like Cyclic Steam Stimulation (CSS) and
Steam-assisted Gravity Drainage (SAGD) have allowed to
start profitable exploitation of many hydrocarbon reserves the
development of which was previously considered
economically not viable [7]. The focus of this work is
numerical simulation of flow of non-Newtonian fluids in
porous media under unsteady-state conditions.

II. PROBLEM STATEMENT

The key differences between non-Newtonian and
Newtonian fluids are written below:

e Non-Newtonian fluids are characterized by the
presence of yield stress. The flow condition for such
fluids is that the shear stress that occurs in the fluid
needs to become higher than the yield stress, or
otherwise, the fluid will not flow [8].

e  Unlike Newtonian fluids, for which the relationship
between shear stress and shear rate is strictly linear,
for non-Newtonian fluids this is not the case [9].

e For non-Newtonian fluids, the dynamic viscosity
coefficient is replaced with consistency index,
which is measured in different units which depend
on the power-law index.

Many mathematical models that describe the flow of
non-Newtonian fluids exist, however, the most general one is
known as the Herschel-Bulkley model, and it is defined as
[10]:

T =10+ Ky", (1)

where 7, is the yield stress, y is the shear rate, K is the
consistency index and n is the power-law index. For
Newtonian fluids Ty would be equal to zero and n would be
equal to 1, while K would be equal to the dynamic viscosity
1. The most commonly used model for describing non-
Newtonian fluid flow in porous media that is based on the
Herschel-Bulkley model and aligns well with the experiments
is defined as follows [11]:
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where k is the porous rock permeability, £ is the pressure

gradient, G, is the initial pressure gradient that needs to be
exceeded in order for the fluid to start flowing in porous
media, and s is the effective viscosity. For Newtonian
fluids n becomes 1 and G, becomes 0, and the formula (2)
reduces to the classic Darcy law. Note that in the original
work there is no minus sign before OP/0x in equation above
which is a typo, and it has been corrected here.

Many formulas (empirical, analytical and semi-
empirical) have been proposed in the literature for the
determination of the initial pressure gradient G,. For instance,
the experiments conducted in the work [12] have shown that
for sands the initial pressure gradient can be determined as:
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and for carbonate rocks it can be determined as:
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The effective viscosity ¢ is determined from the formula

[11]:
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The formula (5) is derived from the semi-analytical
modification of the Blake-Kozeny equation for non-
Newtonian fluids. ¢ stands for the porosity of the porous
rock. The purpose of this work is to use the finite difference
method of numerical simulation, a certain set of boundary
conditions and the formula (2) in order to describe the non-
Newtonian Herschel-Bulkley fluid flow in porous media
under unsteady-state conditions, meaning that we are aiming
to find the pressure distribution in an oil reservoir and how
this distribution changes with time. For that, we first need to
derive an analogue of oil diffusivity equation but for the
Herschel-Bulkley fluids.

III. NUMERICAL SIMULATION
A. Derivation of the modified diffusivity equation for
Herschel-Bulkley fluids flowing in porous media

The continuity equation has the following form in
cylindrical coordinates in porous media [13]:

pv,  0(pv;)  19(pvy)  9(pv,)  d(¢p) (6)
YT i e oz T a =0

Here p is the density of the fluid, r is the radial coordinate, 8
is the azimuth, and z is the vertical coordinate. vy, v,, v,
stand for the corresponding velocities in the directions of the
mentioned coordinates.

We assume that the reservoir has a circular form of
radius 7,. In the center of the reservoir a single production
well of radius 7, is located. Oil is produced due to its own
elastic expansion energy. We also assume that there is no
fluid filtration in the directions 8 and z. In that case the
continuity equation becomes:

pYr dpv,) Op 0P (7)
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In the work [14] it is mentioned that the relationship
between the rock porosity and normal stress o is generally
non-linear, however, in the interval from =0 to 10 MPa, this
relationship can be considered linear and can be expressed as:

¢ = ¢o — Bc(0 — 0ay), (8)

where 5. stands for the porous media compressibility, o is
some reference stress, and ¢, is a known porosity at the
reference normal stress. The relationship between the

overburden pressure P,, reservoir pressure P and normal
stress g can be expressed as [14]:

B,=0+P. (9)

Since the overburden pressure does not change with time, we
differentiate the equation (9) by time and get the following:
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By taking into account equations (8) and (10), we get that:
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The density of the fluid filtering in the reservoir, to
a first approximation, linearly depends on the pressure [14]:

p = poll+ Br(P—Py)], (12)

where ¢ is the fluid compressibility, P, is some reference
pressure and p, is a known density at the reference pressure.
By differentiating by time, we then get the following:
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Now we insert equations (11) and (13) into equation (7) and
get the following:
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Considering that the compressibility of fluids is very
low, we can assume that p = p,. In this case equation (14)
becomes:
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where [ is defined as:
B =Bc+ PB;. (16)

On the other hand, v, can be expressed through pressure
using equation (2). After this substitution, the equation (15)
becomes:
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where y is defined as:
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Equation (17) is the general modified diffusivity equation for
non-Newtonian fluids. Obviously, in case if we take G, = 0,
and n = 1, then equation (17) easily reduces to:
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which is the well-known diffusivity equation for Newtonian
fluids [15]. Let’s assume that the boundary conditions are:
e P(r, t=0) = P,. Pressure is equal to initial pressure at
any point in the reservoir at t = 0.
e P(r - oo, t)=P,. Very far from the production well
the pressure always remains equal to the initial

pressure.
ap . apP .
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considered constant. @, corresponds to the constant
flow rate of the production well.
In this case the general analytical solution of the equation (19)
looks as follows [16]:
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B. Numerical simulation method — description and
validation

In the work [17] a similar analytical solution has
been derived for Power Law fluids flowing in porous media.
Similarly, in the work [18], an analytical solution for pressure
distribution has been derived for Bingham fluids flowing in
porous media. No analytical solution is present for Herschel-
Bulkley fluids which is explained by the big mathematical
complexity of the Herschel-Bulkley model. We used the
aforementioned exact analytical solutions in order to validate
the used numerical method (ensuring same fluid model and
same boundary conditions). The results were very close and
that is why the chosen numerical simulation method has been
used to simulate the behavior of Herschel-Bulkley fluids for
which no analytical solution exists. Results of comparing
chosen numerical simulation method with analytical solution
(20) are demonstrated on Fig. 1 below.
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Fig. 1. Comparison of numerical results to analytical solution

Equation (17) can be expressed in the following way
using the finite difference method [19]:
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We use the following boundary conditions:

e P(r,,t) = Pt = P,. Meaning that we consider the
pressure at the oil well wall to be constant and equal
to B, .

e P(r,,t) = P, = P,. Meaning that we consider the
pressure at the outer boundary of the reservoir to be
constant and equal to P,.

e P(r,0) =P°=P,. In all points of the reservoir
except the well wall at the initial time moment, the
pressure is considered to be equal to P,. At the wall
well at the initial time moment the pressure becomes
equal to P, what creates the pressure gradient and
the flow.

Pt = P!+ yAt

C. Numerical simulation results

Fig. 2 shows the results of numerical simulation -
the relationship between reservoir pressure, radius and time
in 3D. The parameter values that were used in this case are
given in the Table 1. In this case we are using a classic
example of Herschel-Bulkley fluids, as the initial pressure
gradient is considered to be G, = 10000 Pa/m, and the
power-law index is taken equal to n = 1.2. It can be seen that
pressure stays constant in the wellbore. With the increase of
distance from the wellbore the pressure also increases. The
most abrupt increase of pressure can be noticed in areas close
to the wellbore. We can also observe how the pressure
decreases with time in all parts of the reservoir. It is important
to emphasize that generally speaking, this relationship
strongly depends on the chosen boundary conditions. The
vertical orange surface shows how the position of the
pressure penetration front changes with time. It can be seen
that the linear speed of the pressure penetration front
decreases with the increase of penetration.

Fig. 3 shows the pressure distribution in the
reservoir at t = 10000 seconds for various values of power-
law index n. The significant impact of this parameter can be
observed — we can clearly see that the decrease of n strongly
decreases the pressure at every point of the reservoir,
especially in areas that are close to the well. The vertical lines
demonstrate the current position of the pressure penetration
front for each corresponding power-law index value.

The decrease of power-law index also increases the
position of the pressure penetration front. This is a very
important parameter, especially in reservoirs with circular
shape like in this case. The reason for this is that when a
pressure drop starts in a certain area of a reservoir, it means
that oil starts being produced from there and the oil recovery
factor from that specific area starts increasing. If we take for
instance an oil recovery factor of 1%, then due to the
geometry of a circular reservoir, an area having this oil
recovery factor that is far away from the well (area located at
a certain distance r from the well) would lead to much higher
total oil production than an area having the same oil recovery
factor that is close to the well.



Fig. 4 shows the pressure distribution in the
reservoir at t = 10000 seconds for various values of initial
pressure gradient G,. The impact of this parameter is not so
significant compared to the impact of the power-law index.
In areas closer to the wellbore an increase of G, leads to
lower pressure for the same time value, while in areas far
from the wellbore, a decrease of G leads to lower pressure.
The decrease of G, obviously leads to higher penetration of
the pressure change front into the reservoir. This means that
higher initial pressure gradients lead to higher oil recovery
factor in areas of the reservoir that are closer to the well, but
to lower recovery factors in areas that are far from the well.
The analysis shows that generally, the decrease of the initial
pressure gradient has a positive impact since it increases the
total oil production from the reservoir, which can be
explained by the impact of circular reservoir geometry on the
total oil production.

Table 1. Values of used parameters

Parameter name Parameter value
k, m? 0.1 1072
h,m 20

bq 0.1
B,, Pa 5000000
P, Pa 15000000
Gy, Pa/m 10000
K,Pa * s™ 5%1073
Qq,m3/s 0.001
By, Pa~?! 0.4 x107°
B., Pa™! 0.2x107°
At, s 0.05
Ar,m 0.1
Ty M 0.2
T, M 100
tmax S 50000
n 1.2
po, kg/m3 850
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Fig. 2. Relationship between pressure, radius and time in 3D —
results of numerical simulation
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Fig. 3. Pressure distribution in the reservoir for various values of
power-law index — results of numerical simulation
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Fig. 4. Pressure distribution in the reservoir for various values of
initial pressure gradient — results of numerical simulation

IV. CONCLUSIONS

The purpose of present work was to study the
behavior of non-Newtonian Herschel-Bulkley fluids in
porous media under unsteady state conditions — when
pressure does not remain constant with time. To achieve this,
a numerical method has been proposed and used, which has
been validated by comparing the numerical simulation results
with results of exact analytical solutions derived in previous
literature for simpler fluid models. After that, numerical
simulation was used in order to predict the pressure
distribution in the reservoir at different time intervals for
Herschel-Bulkley fluids.

The change of pressure penetration front in the
reservoir with time has also been shown. Various pressure
distributions were also obtained for different values of non-
Newtonian fluid parameters which are the power-law index n
and the initial pressure gradient G,. It has been concluded that
the impact of the power-law index n on the pressure
distribution is very significant while the impact of G, is quite
small.

Finally, it is important to emphasize that the impact
of the specified parameters on the reservoir pressure depends
on the chosen boundary conditions. For instance, if we
assume that the flow rate at the wellbore stays constant while



the pressure decreases with time, then the impact of the initial
pressure gradient and power-law index on the pressure will
not be exactly the same as shown on the graphs above.
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