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Abstract—The purpose of this work is providing an
approach to the synthesis of control with lumped sources in
distributed systems with feedback. In the problem presented
here concerning the damping of the oscillations in a membrane
using stabilizers, the following parameters are optimized: 1) the
locations of the stabilizers; 2) the location of the points of
measurement of the state of the membrane; 3) linear feedback
parameters, which determine the relationship between the
measurements of the state of the membrane and the modes of
control of the stabilizers. Gradient formulas for the minimizing
function are obtained with respect to optimizing parameters.
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1. INTRODUCTION

It is known that, compared with control of objects with
lumped parameters [1]-[3], problems of optimal control with
feedback of objects with distributed parameters are less
studied by scientists [4]-[8] . There are many reasons for this.
The first is the complexity of technical implementation of such
systems which demands that current information on a state of
an object (process) at all of its points be obtained. Secondly,
there are complexities related both to the solution of problems
of the structural and parametric identification of mathematical
models of controlled objects, and the development of effective
numerical methods, algorithms for solving the relevant
mathematical problems.

This work presents an approach to the effect of the
synthesis of control on the process of the stabilization of
oscillation in a thin homogeneous membrane. It is assumed
that the oscillations arise as a result of the lumped influences
on the membrane at the initial moment of time. The values of
stabilizing effects on the membrane of stabilizers which are
located at various points are defined by depending on the
measured state of the membrane in the neighborhood of the
measurement points.

For synthesis of the control, it is proposed to use linear
feedback with the accounting of results of the current
measurements. The following are optimized in the considered
problem: 1) parameters of the linear feedback: 2) coordinates
of location of stabilizers on a membrane: 3) coordinates of
measurement points of a state of a membrane. The gradient
components of the minimizing functional on the space of
optimized parameters are obtained.

II. STATEMENT OF THE PROBLEM

We study the problem of damping of transverse oscillation
of a given thin homogenous membrane with a fixed boundary.
It is assumed that oscillations arise as a result of simultaneous
actions of external sources at the initial moment of time of the
neighborhood of some points 8" , y =1,...,L of the
membrane. Oscillations are damped by stabilizers (dampers)
with local effects at the neighborhood of membrane’s points,
ni ,i=1,..,N.. For the formulation of the modes of
operation of the stabilizers, there are used data from the
sensors when measuring of the current values of displacement
at the neighborhood of the points &/, j = 1, ..., N,.

The process for >0 can be described by the following
initial-boundary value problem [9],[10]:

U (x, t) = a?Au(x, t) — Aug(x, t) + (1
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Here: u(x, t) is the function which is determine value of a
displacement of the membrane at the a point of x € Q in the
time of t in the process of its oscillation; A = 9%/0x? +
9%2/0x3; a®> > 0, 1 = 0 are the given constants defined by
physical properties of a membrane and environment in which
it is; ' is almost everywhere smooth border of area of Q,
which is occupied by the membrane; q” is intensity of yt* an
external source, the lumped at the point 87 = (9”, 69 ) € Qof
membrane where y=1,..,L s 9=
(93, 01, o, Oy oy OyC) € RNENe s the
determining the effects of stabilizers at the neighborhood of
the pointsn = (nh, ) € Qi =1,..,No, T = (14, ..., Tyy,) is
the given time moment in which at the neighborhood take
place effect of the stabilizers, where 74 >75,_; >0, s =
1,..,N¢, 79 = 0, Ty, = Tf; N, is number of impulses; Ty is
duration of time of observation of the process.

vector

Continuously differentiable function & (x;17), for a all
x € () determines the distribution intensity of the source at the
O, (1) neighborhood of near the point 7§ € Q. It satisfies the
following properties:
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Function &, (¢; ©) is continuous for all t € [0, T¢] and:
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Let the values of the powers of the sources of oscillations
qY and their locations 87,y = 1, ..., L, are not known exactly.
There are given sets of possible values of q":

Q" ={qeR @ <q<q} y=1.,L )
Q=0Q"'x-xQ",
and the density functions of the distribution of their values
per(q) = 0,¢" < q < q7, such that

f por(@)dq =1, y=1,..,L.
QY

Here the points 87 of the possible location of sources of
external force are determined by the given domains

"cQ, y=1,..,L, 0=0"x--x 0%, ®)

and with a distribution density function pgv(6) = 0 such that

ﬂ per(@do =1, y=12,..,L.
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The values of 9!, which determines the control of the
powers of effect and their locations ' is called the optimized
parameters of the control of damping of oscillation, it satisfies
the following constraints:

9i<9i<l, i=1,..,N, s=1,..,N,, (6)
n"eo, (m)cicq i=1..,N,. (7)
In (7) Q. is the given closed subset in which, the

stabilizers can be installed on it, 9%, 01 are given where i =
1,2,..,N..

To formulate the considered problem, we can state that,
consider of control process of damping oscillation of
membrane for a given time Ty for which it must be to
determine the values of the effects of power for damping of
osculation ¥ and their locations 7 that satisfy the above
conditions and minimize the following functional:

IW@,n) = f ff@ 1(9,1m;q,0)pe(@)po(q)dfdq,  (8)
Q
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q=(q",q"), po(q) = pgr(g") X -+ x pyr(qh),

0= (0% ...,0"), pe(0) = pe1(8Y) X - X pgor(6h).
Here the function u(x,t) = u(x, t;9,n,q, 0) is the solution
of the initial-boundary value problem (1)—(3) of given external
effect with the power q" at the initial moment of time, y =
1, ..., L, and damping modes 9; u(x) = 0 is a weight function
that determines the value of damping of oscillation at the point
x € Q of the membrane. The second term in (8), (9) respond

to regularize of the functional, &;, &,, 9 € RNeNe | ) € R*Ne
are regularization parameters.

The value of AT defines time duration of the interval
[Tf, Tl], where [Tf, Tl], T, = Ty + AT, in which it must be
observe steady-state of the membrane on this interval.

Suppose that at the points &/ = (&,&)€qQ, j=
1, ..., N,, of the membrane are installed sensors that measure
the integral values of the displacement at the neighborhood of
these points at times 75 € (0,T¢], s = 1,..., N:

ol = f _U u(x, )8, (x; §)8, (8 75) dx dt, (10)
0¢(ts) Og(fj)
j=1,..,N, s=1,..,Ng,
and it is possible to promptly define admissible stabilization

modes 195i, i=1,..,N, s=1,..,N; based on the results of
these measurements.

Here &, (x; &n, 8¢, (t; T5) play a role of the weight
functions defining a contribution of value of a condition of a
membrane in point x € O, (§’), t € O, (7,) in general on an

observed value of 1.

To assign current values of stabilizer modes (10), we use
the following function, which determines the feedback of
control effect with the state of the membrane at the
neighborhood of observation points:

No
9L = Z k} f u(x, t)8,, (x; E)8,,(t; 75) dx dt — z]-i ,
J=1 10:(rs) 0.(80)
i=1,.,N, s=1,..,N,. (11)
Here k = ((k})) are reinforcing coefficient; z = ((2))), 2/
are the nominal values of the displacement at the point &/ with
respect to the stabilizer which is installed at the point n‘, i =
1,..,N., j=1,..,N,; k and z are optimized feedback
parameters.

Substituting formula (11) into equation (1), we obtain:

U (x, t) = a?Lu(x, t) — Au(x, t) + (12)
N¢ Ne
+ Z 6£t(t; T5) Z 8£x(x; Tli) X
s=1 i=1

NO
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Due to the involving values of the unknown functions at
the neighborhood of some points of the phase space in the
right side of differential equations, such equations are called
loaded differential equations [11]-[14].

Let devices for measuring the state of a membrane, based
on technical and technological considerations, be installed in
some of its specified sub-regions:

ieo, (ENcalcq j=1,..,N,, (13)
. 0 J

Main aim of this article is synthesis of the controlling
parameters of stabilization of process of a transverse
oscillation of a membrane. The problem consists to finding of
optimal values of parameters of a feedback control of k €
RNeNo | 7z € RNeNo | [ocations of measurement points ¢ and
stabilization 7 at which restrictions (6), (7), (12), (2), (3) are
satisfied. The total dimension of the finite-dimensional vector



of the synthesized parameters, which we denote by y =
(k,z,&1n)isequal N = 2(N,N, + N, + N,) i.e.,y € RV,

We will write the quality criteria of controlling parameter,
which is defined by a functional (8), as:

I(y) = fQ ff@ 1(y;q,0)pe(0)po(q) dO dgq, (14)

Ty
1(:,0) = fT ffﬂ pu 6y, q, 0P dedt+ (15)
f

~112 2 12
+eu|lk = Kllgnew, + €212 = Zllgnen, + &3[¢ = Ell e,
+ e4lln — ﬁ“?{ZNc'
Here £ = (1,5, 63,6,), 6 =0,i=1,..,4, k € RVeNo 2 ¢
RNeNo & € RZNo_ 7 € R2Ne are regularization parameters.

The obtained problem of synthesis the control of
stabilization of the oscillations (12), (2), (3), (4)—(6), (14), (15)
belongs to the class of parametric optimal control problems
for distributed systems.

III. APPROACH AND FORMULAS FOR THE SOLUTION OF THE
PROBLEM OF SYNTHESIS OF CONTROL STABILIZATION OF
PROCESS

First of all, we consider the constraints (6), (7), (13). We
assume that the domain Q has a simple structure as (such as
rectangle, circle, ellipse, etc.), and therefore the projection
operator of the points of the space R? on this region has a
constructive character.

Taking into account (6), (11) and the notation:
9+ 9
2

g?(‘[siy) =

No
2.k

- u(x, £)8,, (2 §9)8,,(t; 75) dx dt — z;\,
j=1

0:(Ts) 0:(8))
i=1,..,N, s=1,..,N,

the constraints take the following compact form:

9 — 9
9:(tsy) =gl y)| - —= <0, (16)
i=1,..,N, s=1,..,N,.

Considering the constraints (16), let us use external
penalty method [15],[16] in the problem of optimizing the
feedback parameters y. Adding penalty term to the integrand
function of the objective functional (15), we can write:

5-(y) = Lﬂ@l}(y: q,0)pe(8)po(q) do dq, (17)

L(v:q.0) =1(;q,60) +G(y). (18)
Here following notation are used:

N¢ Ne¢
65) =) ) ot @,
s=1i=1
i) = 1
9i (%5i¥) 9i(ts;y), gi(zsy) > 0.

In (18), the parameter r > 0 is called penalty coefficient,
and for convenience of numerical calculations it is necessary
that putting r approaches to +oo.

To take into account the constraints (7), (13), we use the

projection operatorson Q%, Q). i =1,..,N.,j =1,..,N,.In
general, for the numerical solution of the problem of synthesis
of parameters y, we use the gradient projection method of the
penalty functional. The iteration procedure for constructing a
minimizing sequence has the following form [15]:

ymtt = 7)(7),(13)[ym — ay, grad7.(y™)],

m=20,12,...
Here gradJ,.(y) is the gradient of the functional (17),
evaluated at the point y € RV with a given penalty coefficient
7; P(7),3)[] is the projection operator of components of the
vector y (more precisely, its components ¢ and 1) on the sub-
region Q. u Q{;, i=1..,N.,j=1,..,N,; a,, is the step
size in the direction of the penalty function designed for the

restrictions (7), (13) of the anti-gradient at which the condition
I.(y™*1) < 7.(y™) [15] should be fulfilled.

(19)

To apply the procedure (19), we formulate a theorem in
which gives us opportunity to write explicit form for the
components of the gradient of the functional 7,.(y). In here we
use the characteristic function e[y r,1(t) which is equal to

zero whent € [Tf, Tl] and is equal to one when t € [Tf, Tl].

Theorem. For the component of gradient of the functional
(14), (15), corresponding to the parameters y = (k,z,&,1) €
RN for the continuous linear feedback (10), (11), has the
following form:

Ne
9%,() . e .
ak}y = Qf @f {—;[%Hrgi () sen (905 7)) |

x [@] - 2f] + 2e:(k} — k})}pe (0)p (@) dO dg,  (20)
Ny
33,(y) ~i oo .
oz Qf g {; [0t + 2rg7 (s y) sen (90 (i) )]

X ki + 2&,(zf — 2]?)}p@(9)pQ (¢) d6 dg,

(21)
Ny N,
021‘;—]}-1) = fff {_ZZ [lf)sl +2rg{ (t5;y) sgn (g?(rs;y))]
4 Q © S=1%=i'
X kil
+2¢3(¢) - ff)}pe(G)pQ (q)df dg,
(22)
03, () SR o
arn;'/ = QfJJ {—;%x;k”[ﬁé —zY] +Ze4(n;_ﬁ;)}
X pe(0)po(q) do dq, (23)

where P{=J, Il oW 08, Gin8, (GT) dx i =
1,..,N.,j=1,..,N,, s =1,..,N, y =1,2. The function
Y(x, t)is called solution of following adjoint inital-boundary
value problem:

l/)tt(xl t) = aZAlp(xl t) —};vzlpt (x! t) N
~2u(5,6:7,0, Okectr (O + ) 8e (67 ) 86, (6:60)
s=1 j=1

N¢

X Z ki [ b8+ 27 g7 (2 ) sgn (a2 s ) )|

=1
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x€Q,te[0,T],
Y(x,T,) =0, Y,(x,T;) =0, x€Q, 25)
Ylx,t)=0, xe€Tl, t€[0,Ty]. (26)

IV. RESULTS OF NUMERICAL EXPERIMENTS

We present the results of numerical experiments obtained
by solving the problem in (1)—(4) with the following data
values, which is involved in the formulation of the problem:

Q={xeR% 0<x;<1, i=12} Tr =3, AT =03,
a=1 1=0001, N.=2, N, =3,
9, =—0.05, 9; =005 i=1,.,N, L=2,
N, =10, 7, =03s, s=1,..,N,
Ql ={x€Q: 012<x <032, 0.28<x, < 048]},
Q2 ={x€eq: 071<x <089, 0.05<x, <022},
03 ={xeq: 044<x, <064 045<x, <063},
Ql={xeQ: 058<x, <0.78, 0.25<x, <042},
02 ={xe 019<x, <039, 0.59<x,<0.78},

g, € Q' = {0.050; 0.051; 0.052; 0.053},

q, € Q? ={0.049; 0.050; 0.051; 0.052},
0tedr={xeQ: 022<x <034, 0.20<x,<0.38},
02 e?={xeQ: 065<x <078, 068<x,<081}.
The values of the powers of external effect have uniform

distributions in Q! and Q2, and their possible impact points
are uniformly distributed in the given admissible regions ©!
and ©?. The sets of possible allocation points ©Y and the
values of the powers of external impact QY are approximated
by the following discrete sets of points:

0! = {(0.26;0.28), (0.27; 0.29), (0.25; 0.25), (0.32; 0.35)},

02 = {(0.75;0.75),(0.70; 0.78), (0.75; 0.79), (0.76,0.80)}.

Each of the discrete sets contains four elements, and the
probabilities to obtaining these values, considering the
uniformly probability for continuous sets, are equal to

p51 = pgz =0.25 v=1,..4,
Por = Pgz = 0.25, v=1,.. 4.
In this case, we will take the following functional

L 4 4 4 4
7-(y) =—Z z Z Z I.(y;q",q%,671,672).
256 i1=1i3=1 ji=1 j,=1

The optimized vector of feedback control parameters with
the above selected parameters has dimension N = 22. Set of

possible locations of the stabilizers Q. and the sensors Q{;, as
is useful in practical applications, are located inside the
membrane, i.e. they cannot be located on the boundary of T

We describe the general scheme for implementing the
iterative procedure (19) using gradient formulas (20)—(23) to
minimize the functional (17) using the penalty function and
gradient projection methods.

Considering that the admissible regions of the parameters
&, n are rectangular, the projection operators for these regions
are obvious and have a simple form [15].

At each value of the penalty coefficient r, the functional is
regularized by using well-known schemes [15],[16]. In this
case, the regularization parameters were changed three times,
namely, at the initial value of ¢ = 0.1, it decreased by 5 times,
and the obtained optimal value y at the previous step was
assigned by y. The initial value of the penalty coefficient is

putting equal to 5, which at each subsequent stage increased 5
times. These stages were carried out until at two successive
stages the value of the main functional of the problem (17),
(18) differs from each other more than by 0.005.

To solve two-dimensional direct and conjugate initial-
boundary value problems (12), (2), (3) and (24)-(26), the
Alternating-Direction method [17] is used, leading to the
solution of one-dimensional loaded problems. To solve the
loaded initial-boundary value problems, an implicit finite-
difference approximation scheme is used, which was studied
in [12]. To solve the finite-difference approximated initial-
boundary value problems, the numerical methods proposed in
[13] were used. The steps for approximation with respect to
the spatial variable were chosen equal h,, = h,, = 0.01 and
the time variable h, = 0.005.

The function 8, (x;0) was defined as the following
Gaussian-type function [1],[18].

Computer experiments are carried out to observe the
process of damping of oscillations at optimal values of the
synthesized feedback parameters with the assuming that the
measurements are made with errors (noises), namely:

al = u(x, O[1 + 1 (©)]8e, 06 €8, (8 75) dx dt,
0e(zs) 0(E7)
j=1,..,N, s=1,..N,.

Here x/(t), for every t, is a random variable uniformly
distributed on the interval [—{; {]. In the experiments, the
values of ¢ were chosen to be 0.01; 0.02; 0.05, which
corresponded to a measurement error of 1%, 2% and 5% of
the value of the measured value.

An important indicator of the quality of control of
damping process with the feedback parameters y is the
function:

T+AT

E(T;y) = Qf g l f if u@ 6y, q,0)) dx dt

X pe(0)pe(q)dbdq, T =0,

numerically characterizing the result of process control on
average for all possible values of external effect. Figure 1
shows the graphs of the function E(T; y*) which is obtained
with optimal feedback parameters y* and T, = 3 at error
levels in measurements are equal to 0% (without error), 1%,
2% and 5%. From these graphs it can be seen that the quality
of the control of damping process corresponds to the error
values of the process state measurements. In fig. 2 is a graph
of the function u(x,t) =u(x,t;y%q,0), x € Q which
determines the state of the membrane at the time of the end of
the control process att = T = 3 and q; = 0.52, q, = 0.49,
0, = (0.25,0.25), 6, = (0.75,0.75).
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Fig. 1. Graphs of function E (T, y™) at different errors of u(x,T) at T = 3.
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Fig. 2. Graphs of function u(x,t) at T = 3.

CONCLUSION

The purposes of this paper is an approach to the optimal
synthesis of lumped control effect in systems with distributed
parameters. As an example, we consider the control of lumped
stabilizers in damping oscillation of membrane. The modes of
operation of the stabilizers are determined by a linear
dependence on measurements of the state of the membrane in
the neighborhood of the measuring points. In problem, it is
optimized: 1) the parameters of linear feedback, which
determines the modes of operation of stabilizers; 2) locations
of stabilizers; 3) the location of the points of measurement of
the state of the membrane.

The considered problem is reduced to a parametric optimal
control of a system with distributed parameters. Gradient
formula for the functional of the considering problem in the
space of synthesized parameters are obtained. The formulas
made it possible to use efficient first-order optimization
methods for the numerical solution of the synthesis problem.

In paper, it presents the results of numerical experiments
and analyzes the effect of measurement errors on the
stabilization process of the membrane.
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