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Abstract— In the paper there are Fredholm solvability of a
boundary value problem in a finite domain of a class of second-
order differential equation of elliptic type in a seperable Hilbert
space. Sufficient conditions that provide regular and fredholm
solvability of the given problem, are found. These conditions are
expressed only by the coefficients.
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1. INTRODUCTION

As is known the Cauchy problem was first studied by
E.Hille, K. Tosido, T.Kato and others. Further, boundary
value problems and related problems have been studied by
many authors. Some of these results have found their
reflection in the books of A.A. Dezin [6], V.I. Gorbachuk and
M.L. Gorbachuk [11], S.Ya. Yakubov [20] and others In an
finite domain, boundary value problems with variable
coefficients have been studied very little. We can note the
works of S.S. Mirzoev with G.A.Agayeva [13,14],
G.A.Agayeva [1,2,3].

Let H be a separable Hilbert space. Assume that

C is a self-adjoint  operator with domain of definition

D(C) . Then for all ¥ > ( the domain of definition of the
operator C” will be a Hilbert space H ,(7 2 0) with ascalar
product (x,y), =(C"x,C"y) . For
H,=H and (x,y)o =(x,y).

Denote by L,((0,1): H) a Hilbert space of vector —functions
determined almost everywhere in (0,1) for which

y =0 we assume
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We determine the Hilbert space
W22 D :H)y={u:u"e Ly,(0,1): H), Chue L,((0,)): H)}

with the norm
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We determine the subspace sz,U ((0,1): H) as follows
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W3y (1) : H) = {u:u e Wi (0): H),
u(0) = au(1),u’(0) = fu'(1),U € R = (—o0,0)}
Note that for a = =1 we obtain a subspace of periodic
functions, for & = f=—1 we obtain a space of anti periodic
functions.

Consider in H the boundary value problem
L(d/dtyu(t) = —u"(t) + p(t) A*u(t) +
+ (4, +K)Du'(t) + (A4, + Ky))u(@) = f(2), t €(0,1)

u(0) = au(l), u'(0) = fu'(l) 2)
where the operator coefficients of the equation (1) satisfy the
conditions:

1) A is anormal operator with a completely continuous
operator in H , whose set of spectra is contained in the
angular sector

S, ={1:largd <&, 0< &< 7/4};
2) p(t) is a scalar function defined in (0,1), measurable and
bounded, O<y<p(t)<o<xo
7,0 € R =(—00,00) ;
3) The operators B, = 4, A and B, = A, A
in H;
4)The T,=K,A" and T, =K,A* are
completely continuous operators in H ;
5) af -1
Note that subject to the conditions 1), the operator 4 has an

moreover ,  where

are bounded

operators

orthonormal  basis  system in H |, e

dep =Ape, (k=12,.) 0<A K4 £...54, ...

0,k j
moreover (e;,e;) =0y ; = L ke and
» =]



A = A 1% 0 €S, k=12,..

A0) = Y A Ceer,

CO= D 4 [ Cepe,

k=1

U = e Cep e

k=1

oS, k=12,..

In what follows , we will use the theorems on intermediate

derivatives and from the trace theorem [12, p. 31, p. 41 ], i.e
1) ifue sz ((0,): H), then Cu' € Ly ((0,1): H) and

|| Cu'"||< const || u ||W22«0’1):H),

2) if u(t) e W5 ((01): H) , then for any ¢, €[0,1]
u(ty) and u'(t,)) these exists u(t,) € Hy, ,

u'(ty) € Hyp and we have the inequality

HM(IO)H:;/ZSCO'ZStHu||pV22((0’1):H) OStO <1
and
H u,(to) ||l/2S const “ u ”VVZZ((OJ):H)
Definitionl. If for f()eL,((01): H) there exist

u(t) e W22 (0,1): H), then u(¢) is called a regular solution

of the equation (1)
Definition2. If for any f(¢) € L,((0,]): H) there exists a

regular solution of equation (1) that satisfies the boundary
conditions (2) in the sense of convergence

lim | u@®)—ou(l-1)[[3,=0,

11m [ u' ()= pu'(1=1) ;=0 ,

t—>+0

and we have the estimates
<
H u(t) ”sz((O,l):H) < const ” f ||L2(((],l):H)

then problem (1) —(2) is called regularly solvable.
Denote by

Lu=Pu+Tu, ueWy,(0l):H) ,

where

Pu=—u"+ p(t)A*u+ Au' + Ayu, ueW;,((0,1): H)

and

Ku=Ku'+Kyu, ueWy,(0)):H)
Definition3. If the operator L mapping
ue W22,U ((0,1): H) into L,((0,1): H) is Fredholm, we say
that problem (1.1),(1.2) is Fredholm solvable.

II. SOME RESULTS.

Thus, the set of spectra of the operator 4 is contained in the
spectrum S, i.e. there exists bounded spectra e_At(t >0)

generated by the operator A4

There are:

Lemma 1. For p € H 3/ the inequality

|| §0 ||W ((0 l)H)_ \/_ H @ ||3/2

Lemma 2. Let x € D(A), then

Re(A"x, Ax) > cos2¢ || Cx ||2
Theoreml. Let conditions 1) and 2) be fulfilled. Then for any
ue WZZ’U ((0,1) : H) we have the inequality

4 opary < @Bt 0,110,

and
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Corollaryl. For have the

inequalities
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III. MAIN RESULTS

Here we show the conditions for regular and
Fredholm solvability or problem (1),(2)
Theorem 2. The operator L, isomorphically maps the

space WQZ’V, ((0,1): H) onto the space L, ((0,1) : H

Theorem 3. Let conditions 1)-4) be fulfilled and we have
the inequality

ZJ_

Then problem (1)-(2) is regularly solvable.

powp Rl b Ile+Tz <1

Corollary 2. If the conditions 1)-3) are fulfilled, and



1 1 1
h=7r 1Bl =1I By <1 (3)
2y cose 1%

where B, :AjA_j (j:O,Z), the problem (1), (2) is
regularly solvable for 7, =0, 7, =0.

Theorem 4. Let the conditions 1)-4) and inequality (3) be
fulfilled. Then problem (1)-(2) is Fredholm solvable.

IV. CONCULATION

As is known some authors have mainly studied the
Cauchy problem. In a finite domain, boundary value
problems with variable coefficients have been studied very
little. We can note the works of S.S. Mirzoev. In our work
here have considering boundary value problem operator
differential equations. The paper shows how the regular and
Fredholm solvability of the boundary value problem are
related with the norms of the intermediate derivative
operators. We hope that the results receiving here will be
found over its following.
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